Pricing perpetual American options under a stochastic-volatility model with fast mean reversion  by Zhu, Song-Ping & Chen, Wen-Ting
Applied Mathematics Letters 24 (2011) 1663–1669
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
Pricing perpetual American options under a stochastic-volatility model
with fast mean reversion
Song-Ping Zhu ∗, Wen-Ting Chen
School of Mathematics and Applied Statistics, University of Wollongong, NSW 2522, Australia
a r t i c l e i n f o
Article history:
Received 21 September 2010
Received in revised form 4 April 2011
Accepted 5 April 2011
Keywords:
Perturbation method
Perpetual American put options
Fast mean-reverting stochastic volatility
a b s t r a c t
In this paper, we present a ‘‘correction’’ to Merton’s (1973) well-known classical case of
pricing perpetual American puts by considering the same pricing problem under a general
fast mean-reverting SV (stochastic-volatility) model. By using the perturbation method,
two analytic formulae are derived for the option price and the optimal exercise price,
respectively. Based on the newly obtained formulae, we conduct a quantitative analysis
of the impact of the SV term on the price of a perpetual American put option as well as
its early exercise strategies. It shows that the presence of a fast mean-reverting SV tends
to universally increase the put option price and to defer the optimal time to exercise the
option contract, had the underlying been assumed to be falling. It is also noted that such
an effect could be quite significant when the option is near the money.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
It is empirically well documented that the classical BS (Black–Scholes) model is unable to fully capture the real behaviour
of financial markets, such as the smile or smirk effect. By now, there have been several alternativemodels specially designed
to address, at least qualitatively, this very issue. Among them, the SV (stochastic-volatility) models have received the most
attention, since they are not just a simple remedy to the BS constant-volatility assumption, but rather a powerful tool that
can be used to describe a much more complex market.
One feature of the volatility is that its mean-reversion rate is quite fast. By ‘‘mean reversion’’, it refers to a linear pull back
term in the drift of the volatility process itself, or in the drift of some process, of which the volatility is a function. By ‘‘fast’’,
it is meant that the characteristic time it takes for a process to get back to themean level of its invariant distribution is of the
order of several days. This is the so-called fast mean-reverting volatility, and has been observed in many financial markets.
For example, when analysing the high-frequency S&P500 index data, it is found that the mean-reversion rate is typically of
the order of one or two days [1]. Also, data analyses on commodity prices reveal the fast mean-reversion feature [2]. In the
literature, the study of financial derivatives under a fast mean-reverting volatility has received a great deal of attention ever
since the seminal work of Fouque et al. was published [3].
For option pricing, undoubtedly, the valuation of perpetual American options, which can be exercised at any time but
without expiration date, is quite important [4–7]. This simple contract can be used as an approximation for long-tenor
American options, the pricing task of which could be time-consuming if calculated by traditional methods, as pointed out
in [6]. Also, analysing this kind of options may in principle be used as a building block in an approximation procedure for
American options with finitematurities [8]. For SVmodels, the price of a perpetual American option is particularly useful for
the quantitative study of the effect of the SV term on the price of American options. This is because for options that last less
than one year, the pricing impact of SV is fairly small in the absolute sense, and it becomes progressively larger as the life
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span of the option increases [9]. Mathematically, as the tenor of the option approaches to infinity, the option price should
involve the most significant effect of the SV on the pricing of American options, and is thus worth of being examined.
In the literature, the most remarkable step in studying perpetual American options is Merton’s closed-form solution
for perpetual American puts with constant volatility [5]. Unfortunately, his approach cannot be extended directly to the
SV models, primarily due to the fact that the optimal exercise price is now an unknown curve of the volatility, rather
than just a constant as in the BS model. Recent progress was made by Zhu and Chen [7] in deriving an approximation for
perpetual American puts with a slowly varying volatility. However, their assumption that the volatility is slowly varying has
somehow restricted the application of their formulae. For most of the markets, where the volatility is observed to be fast
mean reverting, no useful results are hitherto available for perpetual American options. The lack of analytical formula has
made the quantitative analysis of the pricing impact of the SV term on perpetual American put options less achievable.
Very recently, Souza and Zubelli [10] published a paper, dealing with American call options with dividend under fast
mean-reverting volatility. However, in their paper, it appears that the perpetual case is only a minor addition, addressing
one of the issues raised by an anonymous referee; neither the specific form of the optimal exercise price at the first order
nor a detailed study of the impact of the SV on the price of American options is provided. Furthermore, they did not discuss
the issue regarding proper boundary conditions along the volatility direction at all, which is a vitally important fundamental
issue that must be properly addressed before a perturbation technique can be adopted to find approximate solutions.
In this paper, the valuation of perpetual American puts is considered under a general fast mean-reverting regime of
SV. Following Fouque et al.’s method [11], we obtain a sequence of simplified option pricing systems, which are so nicely
constructed and can be dealt with by using thewell-knownMerton’s approach that was previously only available for pricing
perpetual American options under the classic BS model. Based on the new approximations, the quantitative effect of a fast
mean-reverting SV on the option prices as well as the optimal exercise strategies is then examined under a specific model. It
turns out that the impact of a fast mean-reverting SV is quite different from that of a slowly varying volatility, as discussed
in [7]. Moreover, it shows thatwhen the option is closer to themoney, the impact of a fastmean-reverting volatility becomes
more significant.
The rest of this paper is organized as follows. In Section 2, we introduce the PDE (partial differential equation) system
that the price of a perpetual American put option must satisfy under a general fast mean-reverting volatility model. In
Section 3, we derive approximation solutions by the perturbation method. In Section 4, we study the effect of the SV term,
and also compare it with the corresponding result obtained when a slowly varying volatility is taken into consideration [7].
Concluding remarks are given in the last section.
2. Perpetual American puts under fast mean-reverting volatility
The assumption of a fast mean-reverting volatility is usually based on the OU (Ornstein–Uhlenbeck) model, which does
not depend on the specific form of the volatility process. Under such a model, the underlying St , as a function of time,
is assumed to follow the SDE (stochastic differential equation) of a geometric Brownian motion: dSt = µStdt + σtStdWt ,
whereµ is the drift rate,Wt is a standard Brownianmotion, and the volatility σt is represented by another stochastic process
Yt , i.e., σt = f (Yt), with f being a smooth positive function that is both bounded above and bounded away from zero. Here,
Yt is governed by a so-calledmean-reverting process, i.e., dYt = α(m−Yt)dt+
√
2αν(ρdWt+

1− ρ2dZt),where (Zt) ≥ 0
is another Brownian motion independent of Wt . For the second SDE, the following notes should be made, ρ ∈ [−1, 1] is
the correlation factor of the above two stochastic processes. The parameter α measures the rate with which the process Yt
reaches its long-term mean valuem. In other words, 1/α is the time scale of this process, with which the process Yt reverts
to its mean value m. ν2 is the variance of the invariant distribution of Yt , which controls the long-run level of the volatility
fluctuations.
When the volatility is assumed to be fast mean reverting, it implies that the mean-reversion rate α is of the order of 1/ϵ,
with ϵ being a positive small parameter. In fact, this assumption agrees well with the empirical evidence that the volatility
is persistent or busty, i.e., for days at a time, it is high, and then, for a similar length of time, it is low [1]. In the literature,
many authors focused on studying option derivatives in the so-called fast mean-reverting volatility scenario, and produced
some interesting papers [11,12,3,2].
To consider the pricing of a perpetual American option under the fast mean-reverting volatility framework, which is the
main concern of the current work, the proper valuation system should be established first. Let P(S, y) denote the value of
a perpetual American put option, with S being the underlying and y being the fast mean-reverting factor that drives the
volatility process. Then under the risk-neutral probability, it can be shown that the valuation of a perpetual American put
option with fast mean-reverting volatility can be formulated as a free boundary problem [13], with the boundary location
itself being part of the solution of the problem. In particular, the PDE system is similar to the one for the valuation of perpetual
American puts with a slowly varying volatility [7], i.e.,
1
2
f 2(y)S2
∂2P
∂S2
+ rS ∂P
∂S
− rP +
√
2ν√
ϵ
[
ρf (y)S
∂2P
∂S∂y
−Λ(y) ∂P
∂y
]
+ 1
ϵ
(m− y) ∂P
∂y
+ ν
2
ϵ
∂2P
∂y2
= 0,
lim
S→∞ P(S, y) = 0, P(Sf , y) = K − Sf ,
∂P
∂S
(Sf , y) = −1,
(2.1)
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for y ∈ (−∞,∞), S ∈ [Sf ,∞), where r is the risk-free interest rate, K is the strike price, andΛ(y) is the combined market
price of risk, defined as Λ(y) = ρ(µ − r)/f (y) + γ (y)1− ρ2, with a bounded function γ (y) being the volatility risk-
premium.
One should notice that the boundary conditions along the y directionmay also be needed for the well-posedness of (2.1).
In case of degenerate boundary, the corresponding boundary condition should (not) be imposed if the value of the Fichera
function on the boundary (limit may need to be taken for some cases) proves to be negative (non-negative) [14]; while for
the non-degenerate case, the boundary condition should be given a priori. For the current case, it can be shown that if the
coefficient in front of ∂2P/∂y2, i.e., ν2/ϵ, is not equal to zero, both y = −∞ and y = ∞ are non-degenerate boundaries,
and thus the boundary conditions should be imposed there. But, if ν2/ϵ vanishes, these two boundaries become degenerate,
and the corresponding Fichera functions are B−∞(y) = (m − y)/ϵ, B∞(y) = (y − m)/ϵ. One can then easily establish
limy→−∞ B−∞(y) = ∞, limy→∞ B∞(y) = ∞, and therefore, no boundary conditions are needed along the y direction for
this degenerate case. Such a dependence nature of the need (or no need) of boundary conditions along the y direction on the
coefficient in front of the second-order derivative of P w.r.t (with respect to) y suggests that we shall not take the boundary
conditions along the y direction into consideration in our analysis here when we aim to find a general solution valid for
a wide class of fast mean-reverting SV models. In other words, in the current work, we would only consider a solution
that satisfies (2.1), but may or may not satisfy the boundary conditions along the y direction, when they are required for the
well-posedness of (2.1). Financially, the solutionwe try to find below is at least valid for volatility levels not being extremely
high or low. It must be pointed out that the regime under which we analyse the price of the option is indeed meaningful,
because in the so-called fast mean-reverting SV scenario, the volatility level fluctuates randomly around its mean level, and
the epochs of high or low volatility are relatively short [3].
On the other hand, it should also be remarked that once the SV is taken into consideration, the valuation of perpetual
American puts is no longer as analytically achievable as the constant-volatility case under the BS framework [5], because the
optimal exercise price now remains unknown as a function of volatility, whereas under the BS model, it is only an unknown
constant. However, based on the assumption that the volatility is fastmean reverting, we still manage to derive an analytical
approximation for the price of perpetual American puts, which is shown in the next section.
3. Pricing approximations
In order to facilitate the analysis, we first write (2.1) by using the new variables x = ln(S/K), Pϵ = P/K , and obtain:
LϵPϵ = 0, lim
x→∞ P
ϵ(x, y) = 0,
Pϵ(xϵf (y), y) = 1− exp(xϵf (y)),
∂Pϵ
∂x

xϵf (y), y

= − exp(xϵf (y)), (3.2)
for y ∈ (−∞,∞), x ∈ [xϵf ,∞), where xϵf is the logarithm of the normalized optimal exercise price, and the operator Lϵ is
defined as:Lϵ = L0/ϵ +L1/√ϵ +L2,with
L0 = (m− y) ∂
∂y
+ ν2 ∂
2
∂y2
, L1 = ν
√
2
[
ρf (y)
∂2
∂x∂y
−Λ(y) ∂
∂y
]
,
L2 = 12 f
2(y)
∂2
∂x2
+
[
r − 1
2
f 2(y)
]
∂
∂x
− rI.
It is quite interesting to notice that the operator L2 is the perpetual BS operator with a constant volatility being the spot
volatility f (y).
Now, following the standard asymptotic analysis, we explore the solution of (3.2) in the form
Pϵ(x, y) =
∞−
n=0
ϵ
n
2 Pn(x), xϵf (y) =
∞−
n=0
ϵ
n
2 xn(y), (3.3)
with the appropriate boundedness of Pn (n = 0, 1, 2 . . .) being all implied.
By substituting (3.3) into the governing equation contained in (3.2), we obtain
1
ϵ
L0P0 + 1√
ϵ
(L0P1 +L1P0)+ (L0P2 +L1P1 +L2P0)+√ϵ(L0P3 +L1P2 +L2P1) = O(ϵ). (3.4)
Also, substituting (3.3) into the free boundary conditions yields
P0(x0, y)+√ϵ
[
∂P0
∂x
(x0, y)x1 + P1(x0, y)
]
= 1− exp(x0)−√ϵx1 exp(x0)+ O(ϵ),
∂P0
∂x
(x0, y)+√ϵ
[
∂2P0
∂x2
(x0, y)x1 + ∂P1
∂x
(x0, y)
]
= − exp(x0)−√ϵx1 exp(x0)+ O(ϵ), (3.5)
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where x1 is the first-order correction of the optimal exercise price. In the following, we shall first analyse (3.4), aiming at
finding proper governing equations for P0 and P1. From (3.4), it is clear that at the lowest order,O(1/ϵ), we haveL0P0 = 0. At
this stage, although the explicit form of P0 is not known, we can at least deduce that P0 does not depend on y, i.e., P0 = P0(x).
This is because the operatorL0 is the generator of an ergodic Markov process and acts only on the y variable, andmoreover,
the particular solutions that depend on y are in general ruled out by the far-field boundary condition along the x direction.
To eliminate the O(1/
√
ϵ) term, we obtain L0P1 + L1P0 = 0, which yields L0P1 = 0, by using the fact that P0 is a
constant w.r.t y, and the operatorL1 only acts on y as well, i.e.,L1P0 = 0. Using the same argument as that used for P0, it is
clear that P1 = P1(x).
At O(1), the governing equation becomesL2P0 +L1P1 +L0P2 = 0, and consequently,
L0P2 +L2P0 = 0, (3.6)
because P1 does not depend on y. Given that P0 is known in advance, (3.6) is a Poisson equation for P2 w.r.t the operator
L0 in the variable y. By applying the Fredholm alternative theorem [15], it is clear that (3.6) has no solution unless
L2P0 is orthogonal to the invariant distribution of the process Y whose infinitesimal generator is L0, i.e., ⌈L2P0⌉ = 0.
Here, ⌈·⌉ denotes Ry ·p∞dy, with p∞ being the invariant distribution of Y , i.e., L∗0p∞ = 0, where L∗0 is the adjoint
operator of L0, defined as ⟨L0x, y⟩ = ⟨x,L∗0y⟩. Note that ⟨·, ·⟩ is the standard L2(−∞,∞) inner product, i.e., ⟨f , g⟩ =∞
−∞ f (x)g(x)dx, with f and g being two Lebesgue square-integrable functions. In our case, it is not difficult to show that
p∞ = 1/(
√
2πν) exp[−(y − m)2/(2ν2)]. Now, by setting the coefficients in front of those O(1) terms in (3.5) to zero, we
obtain the PDE system for P0 as
⌈L2P0⌉ = 0, lim
x→∞ P0(x) = 0,
P0(x0) = 1− exp(x0), ∂P0
∂x
(x0) = − exp(x0), (3.7)
for x ∈ [x0,∞). Since P0 is a constant w.r.t y, the governing equation contained in (3.7) can be further simplified
as ⌈L2⌉P0 = 0. Also, from the definition of L2, one can deduce that ⌈L2⌉ = LBS(f¯ ), where f¯ is the so-called
effective volatility, and is defined as the statistical average w.r.t the invariant distribution, i.e., f¯ = ⌈f (y)⌉. It should be
remarked that the effective volatility f¯ is almost surely equal to the long-run time average of the function f , i.e., f¯ =
limt→∞ 1t
 t
0 f (Ys)ds, (almost surely), as a result of the ergodic theorem [11].
Now, it is quite clear that in (3.7), y no longer needs to be treated as a variable because the operator ⌈L2⌉ is nothing
but the perpetual BS operator, involving no partial differentiation w.r.t y at all. Consequently, the solution of (3.7) can
be easily worked out as P0(x) = 1/(1 + a)[(1 + 1/a) exp(x)]−a, x0 = ln[a/(1 + a)], where a = 2r/f¯ 2 is the relative
interest rate of the effective volatility of the underlying to the risk-free interest, a concept similar to γ = 2r/σ 2 appearing
in the classical BS model [5]. In fact, the above solution is indeed identical to Merton’s well-known solution under the BS
model, had the effective volatility f¯ been replaced by σ used in Merton’s case. Such a degeneration back to the BS system is
expected at the zeroth order and is a reassurance that our solution procedure is correct. From a stochastic point of view, we
know that the distribution of Yt depends only on the product of the mean-reversion rate and the time, and thus when the
mean-reversion rate is assumed to be very large, the distribution should be exactly the same as its large time
distribution [11]. Mathematically, in the limit sense for the fast mean-reverting factor, we have limϵ→0 f (Yt) =
1
t limt→∞
 t
0 f (Ys)ds. One can now easily deduce that limϵ→0 f (Yt) = f¯ , (almost surely), because the long-run time average
of the function f is almost surely equal to the effective volatility f¯ , as mentioned earlier. This also explains why the constant
volatility in the BSmodel should be replaced by the effective volatility in the zeroth-order solution under fastmean-reverting
volatility framework. Then, our solutions at the next order, presented below, will be a correction to Merton’s constant-
volatility case, when the volatility is driven by a fast mean-reverting factor.
To solve for the first-order correction term P1, we collect theO(
√
ϵ) terms in (3.4), which yieldL0P3+L1P2+L2P1 = 0.
Again, by applying the Fredholmalternative theorem to this equation,we obtain ⌈L1P2+L2P1⌉ = 0,which can be simplified
as
⌈L2⌉P1 = −⌈L1P2⌉, (3.8)
by using the fact that P1 does not depend on y.
On the other hand, since L2P0 = L2P0 − ⌈L2⌉P0, we obtain L2P0 = 12 (f 2(y)− f¯ 2)( ∂
2P0
∂x2
− ∂P0
∂x ), which, combined with
(3.6), yieldsL0P2 = −L2P0 = − 12 (f 2(y)− f¯ 2)( ∂
2P0
∂x2
− ∂P0
∂x ). Again using the fact that P0 does not depend on y, we can deduce
that
P2 = −12L
−1
0 (f
2(y)− f¯ 2)

∂2P0
∂x2
− ∂P0
∂x

= −1
2
(ϕ(y)+ c(x))

∂2P0
∂x2
− ∂P0
∂x

, (3.9)
where ϕ(y) is the solution ofL0ϕ(y) = f 2(y)− f¯ 2, and c(x) is a constant w.r.t y.
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Now, by substituting (3.9) into (3.8), we obtain
⌈L2⌉P1 = 12⌈L1φ(y)⌉

∂2P0
∂x2
− ∂P0
∂x

= V3 ∂
3P0
∂x3
+ (V2 − 3V3) ∂
2P0
∂x2
+ (2V3 − V2) ∂P0
∂x
, (3.10)
where V2 =
√
2νρ⌈f (y)φy(y)⌉ −
√
2/2ν⌈Λ(y)φy(y)⌉ and V3 =
√
2νρ⌈f (y)φy(y)⌉/2. It should be remarked that V2 and V3
are nontrivial functions of the originalmodel, but the detailed expressions of themare not necessary in the current approach.
In other words, the approach adopted is able to deal with general fast mean-reverting SV models. One should also notice
that these two terms do not play a same role in (3.10) at all. The V2 term is simply a volatility level correction, and depends
on both ρ and the market price of risk γ ; while the V3 term shows the ‘‘skew’’ effect due to the presence of the third-order
derivative, and it only relates to ρ [11].
Now, taking all the boundary conditions for P1 into consideration, we find that P1 satisfies
⌈L2⌉P1 = D exp(−ax), lim
x→∞ P1(x) = 0, P1(x0) = 0,
∂2P0
∂x2
(x0)x1 + ∂P1
∂x
(x0) = − exp(x0)x1, (3.11)
for x ∈ [x0,∞), with D = a(1+ 1/a)−a[−(a+ 2)V3 + V2].
It can be easily observed that in (3.11), y does not appear at all as a result of taking statistical average w.r.t the fast
mean-reverting factor. On the other hand, one can see that the problem formulated above for P1 is no longer a free boundary
problem, because x0 is known after we have found P0. Furthermore, once P1 is found, the first-order correction of the free
boundary can be explicitly calculated via x1 = − ∂P1∂x (x0)/

∂2P0
∂x2
(x0) + exp(x0)

.1 Such an easy decoupling of unknowns in
(3.11) and the disappearance of the ‘‘free boundary’’ at the first order have considerably facilitated the solution process for
P1, although we have to deal with an ODE (ordinary differential equation) system (3.11).
The inhomogeneous ODE system that P1 needs to satisfy is characterized with the same differential operator ⌈L2⌉, and
the source terms from the volatility level correction and the ‘‘skew’’ effect, through which the corrections w.r.t the fast
mean-reverting factor to the zeroth-order solutions are made. This is quite interesting as it implies that one only needs
to deal with the moving boundary implicitly at the zeroth order, and then all the corrections to the zeroth-order moving
boundary w.r.t the fast scale can be explicitly dealt with at all subsequent high orders.
More specifically, we first find the general solution of the governing ODE and then, determine the coefficients utilizing
the boundary conditions at the first order. After some simple algebraic manipulations, P1,0 and x1,0 are found as
P1(x) = 2a(1+ 1/a)
−a[−(a+ 2)V3 + V2][− ln(1+ 1/a)− x] exp(−ax)
f¯ 2(a+ 1) , x1 =
2[−(a+ 2)V3 + V2]
2r + f¯ 2 .
It should be remarked that if the mean-reversion rate is extremely high, i.e., ϵ → 0, the above corrections are no longer
needed. In other words, when ϵ → 0, the BS price with volatility being f¯ is already a good approximation. However, for a
fast but still finite mean-reversion rate, the BS price has to be corrected due to the randomness of the volatility.
Now, by writing (3.3) in the original variables, we obtain the option price and the optimal exercise price of perpetual
American puts under a general fast mean-reverting volatility model as
P = K f¯
2
f¯ 2 + 2r
[
S(f¯ 2 + 2r)
2rK
]−2r
f¯ 2 −√ϵ 2
√
2Krν
f¯ 2(f¯ 2 + 2r) ln
2rK
S(2r + f¯ 2)
[
S(f¯ 2 + 2r)
2rK
]−2r
f¯ 2
D(x), (3.12)
Sf = K exp(x0 +√ϵx1) ≈ K exp(x0)(1+√ϵx1) = 2rK
2r + f¯ 2 −
√
ϵ
2
√
2νrK
(2r + f¯ 2)2D(x), (3.13)
respectively, with D(x) = 2rρ⌈f φy⌉/f¯ 2 + ⌈Λφy⌉.
One can easily observe that the fast mean-reverting factor y does not play any explicit role in the present formulae. From
a modelling point of view, this could be explained as follows. In the fast mean-reverting volatility scenario, although the
volatility might fluctuate around its ergodicmean considerably overmanymonths during the lift span of an option contract,
theremight also bemuch fluctuation of the underlying price, and the changes of the volatility are not as significant as those of
the underlying price [12]. In other words, the volatility can be considered relatively constant until its next major fluctuation
comes out, because theminor volatility fluctuations are insignificant comparingwith the changes of the underlying price. As
a result, only the statistical average of all possible paths of Yt , rather than its spot level, is involved in the current formulae.
1 It can be easily shown, with the zeroth-order solution P0 being explicitly found already, that the denominator in this expression can never be equal to
zero.
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4. Discussions
As mentioned earlier, the newly obtained formulae (3.12)–(3.13) are approximate solutions of perpetual American puts
under a general fast mean-reverting SV model. Consequently, with the formulae, the impact of the fast mean-reverting
volatility on perpetual American puts can be analysed quantitatively. To clearly address this issue, it is better to choose
a particular SV model, where the parameters appearing in (3.12)–(3.13) can be explicitly worked out. In our analysis, the
model used in [3] is adopted, where the volatility and the volatility risk-premium are set to exp(y) and 0, respectively. Under
this special SV model, the explicit forms of the parameters needed in (3.12)–(3.13) are:
f¯ 2 = exp(2ν2 + 2m), V3 =
√
2ρ exp(5ν2/2 + 3m)(1− exp(2ν2))/(2ν),
V2 =
√
2ρ(µ− r) exp(ν2/2 +m)(exp(2ν2)− 1)/(2ν)+ 2V3.
To investigate how the fast mean-reverting volatility impacts upon the price of a perpetual American put option as well as
its early exercise strategies, it is better to compare the current formulae with the corresponding ones under the BS model,
with the volatility being set to the effective volatility. It is not difficult to show that the first two terms of the differences of
the option and the optimal exercise prices under the two different models are respectively
PSV − PBS =
√
2ϵρa[(1+ a)/a]−a ln(aK/(S + Sa))(S/K)−a(µ+ r) exp(m+ ν2/2)[exp(2ν2)− 1]
ν(2r + f¯ 2) ,
SSVf − SBSf =
2rK
√
2ϵρ(µ+ r) exp(m+ ν2/2)[exp(2ν2)− 1]
ν(2r + f¯ 2)2 .
It can be observed that once ρ < 0, a phenomenon often found through analysing financial data [11], SSVf < S
BS
f is satisfied.
For S > aK/(1+ a) = SBSf , it is straightforward that ln[aK/(S + Sa)] < 0, and thus PSV > PBS , whereas for SSVf < S ≤ SBSf ,
we have PSV > max(K − S, 0) = PBS . Therefore, when ρ < 0, for the underlying varying within (SSVf ,∞), the option price
under the SV model is higher than the one under the BS framework; whereas the optimal exercise price with SV is less than
that with constant volatility. Financially, it indicates that when ρ < 0, the presence of the volatility tends to add value to a
perpetual put option, and to postpone its early exercise time, had the underlying prices been assumed to be falling. Similar
analysis can be applied to the case when ρ > 0, and we find that the uncertainty of the fast mean-reverting SV tends to
reduce a perpetual put option, and to advance its early exercise time, if the underlying price is falling.
Furthermore, a straightforward calculation reveals that the difference of the option prices under the two differentmodels
reaches the peak value at S = Ka exp(1/a)/(1 + a) ≈ K , which is defined as ‘‘near the money’’ in financial terms, with
(PSV − PBS)max = −
√
2ϵρ(µ+ r) exp(m+ ν2/2− 1)[exp(2ν2)− 1]/[ν(2r + f¯ 2)]. This implies that the effect of the SV is
quite significant particularly for those near-the-money options.
On the other hand,with the current formulae and the similarwork for a slowly varying volatility case available [7], we can
make a comparison between the two scenarios. Such a comparison should be quite interesting, as it reveals how different
volatility dynamics will impact upon perpetual American put options. Firstly, one can observe that the zeroth-order terms
of both approximations are perpetual BS formulae, but with volatility being replaced by the ‘‘spot’’ value and the ‘‘effective’’
value for a slowly varying volatility and a fast mean-reverting volatility, respectively. This is in fact a consistency between
the two different cases, because the slowly varying volatility should be ‘‘frozen’’ at its initial value in the limit that the level
of variations approaches to zero; whereas in the fast mean-reverting scenario, the volatility should be its ‘‘effective’’ level
when the mean-reversion rate becomes extremely large. Secondly, it is found that the effect of a slowly varying volatility
varies w.r.t the spot volatility, that is, for some certain values of the spot volatility, the SV tends to add the value of the
contract, but for others, it makes the contract less valuable; while for the current case, the SV tends to add the price of a put
option contract universally. Finally, one should notice that the origins of the SV effects under the two volatility cases are
totally different. For a slowly varying volatility, its effect on a perpetual American put option mainly comes from the ‘‘time
accumulative effect’’, since the changes of the slowly varying volatility should be negligible during a quite short period, but
might be significant in the long run [7]. On the other hand, the SV effect in the current fast mean-reverting volatility case is
somehow identical to a ‘‘sum’’ of all the fast but finite fluctuations occurring during the time when the option is held.
5. Conclusion
By assuming that the instantaneous SV of the underlying is driven by a fast mean-reverting OU process, two explicit
closed-form formulae are successfully derived for the valuation of perpetual American puts. Based on the newly obtained
formulae, we analyse the quantitative effect of allowing a fast mean-reverting SV on the perpetual option price as well as its
early exercise strategy. It turns out that the extra source of uncertainty associated with the fast mean-reverting SV can be
quite significant for those near-the-money put options. Moreover, the presence of SV tends to add value to the put option
price, and increase the optimal time to exercise the option contract, had the underlying prices been assumed to be falling.
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